Analysis Notes
Grinshpan
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Let f(z) be a bounded function on a bounded interval [a, b]. Let
Aa=20 <21 <Teg<...<Tp_1<xp=">

be points partitioning [a, b] into n subintervals [zy_1,zx], Kk =1,...,n.
In each subinterval [z;_1, k] choose a point z}, zx—1 < zf < z). The sum

S = (or —xp-1)f(a})

k=1
is called the Riemann sum of f(x) on [a,b] corresponding to the partition

{zg, z}}

If f(z) > 0, S represents the sum of areas of rectangles with base [zx_1,z)] and
height f(x}). The union of these rectangles approximates the region between the
graph of f(z) and [a, b].

If xp are equally spaced, then the mesh is h = %(b —a), zx = a + kh, and

S =12 N f(ap).
k=1

*

In this case S is (b — a) times the average of f(z7),..., f(z}).

LeFT, R1GHT, MIDDLE
The most common choices for z} are
* * * 1
TR =Tpo1, Ty =Tk, T = 5(Tho1+ Tk).
In the equispaced case, the corresponding Riemann sums are
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L=1ta flxg) (left endpoint sum)
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f(zg) (right endpoint sum)
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M = b=a f(%) (midpoint sum).
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UPPER AND LOWER

Let M}, be the supremum and my be the infimum of f(x) on [xr_1,xk],
k=1,...,n. Consider the corresponding sums

n
Smax = Z(xk — Tp—1) My, (upper sum)
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Smin =
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(g — Tp—1)My (lower sum).
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Evidently, for any choice of points z}, we have
Smin S S S Smax

and the area under the graph is also captured between S, and Spax. Note that
Smax — Smin 1S an upper bound for the area between the graph and rectangles.

LimiT

Consider a sequence of partitions {:cfg ), xz(j )} whose maximum interval length

maxk(ar,(j ) z,(f ) 1) approaches zero. If the corresponding Riemann sums
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converge to the same limit for all choices of :cz(j ), we say that f (z) is Riemann
integrable on [a,b] and that the limit is

/ab f(z)dx

If the limit exists, it then exists for any sequence of partitions whose maximum
interval length approaches zero and

Sup Smin = / f(z)dx = mf Smax-
{zx}

CRUDE ERROR ESTIMATE

We will derive an error bound for the Riemann sum approximations and show
that it cannot be improved for the left /right endpoint sums.

Assume for simplicity that f(z) is continuously differentiable on [a,b]. The error
of k-th rectangle is

cw= [ s —me)f@R) = [ (1) - fap)s

k—1 k—1



Hence

eal < / " i) - @) de

k—1
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- %ﬁﬂf @] (] = 2x1)? + (@n — 7))
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5?;65(”( )| (wr —x-1)*.

Adding these error bounds over k, we see that the total error is bounded by

m x)| Z rp —xp_1)? < = max|f( )| mgx(xk—a:k_l)(b—a).

2 [a,
/f Ydx — S

where dpmax = maxy (2 — xp—1). It is easy to check that this estimate, although
crude, cannot be improved for endpoint Riemann sums.

Thus

b a
< —  nax 6max7
i /'(2)

EXAMPLE. Consider f(x) = x on [0,1]. We have

n n n

k=0

ek 1 1
R:— —_—= - 1 —_

so the absolute error in both cases is exactly

1 b—a
=3 I[I;ab?lf( )| Omax -

MIDPOINT SUM ERROR ESTIMATE

The midpoint sum provides a better approximation to the integral.

Assume that f(z) is twice continuously differentiable on [a,b]. Integrating
Taylor’s approximation

f@) = fap) = f'@p)(@ — 2f) + 5.7 (ca) (@ — 23)?

over [xg_1,2x] we find that the error of k-th rectangle is

a=1@) [ @oopderd [ 1) o e

k—1

If 2} = %(;vk,l + 1) then the first integral on the right is 0 and

1
lex] < 5 max|f” |/ )2de = — max |f"(2)|(x — zp_1)>.
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Summing over k, we obtain the error bound

1 = 1
91 pax |f" ()] kZ:l(xk —awea)’ < o max £ (@) max(zx — 21)*(b - a).

Thus

la,b

b _
/ f(:c)dx—M‘ <2 mae|£(2)] G

In general, this bound cannot be improved.

EXAMPLE. For f(x) = 22 on [0,1] we have

1
1
/ 22dr = =
0 3

e (E—34H2% 1 1
M==-) — 2 —__ .
n kz::l n? 3 12n2

So the absolute error is exactly
1 b—a
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