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Abstract. An open theoretical problem in the study of subdivision algorithms for approximation
of manifold-valued data has been to give necessary and sufficient conditions for a manifold-valued
subdivision scheme, based on a linear subdivision scheme, to share the same regularity as the linear
scheme. This is called the smoothness equivalence problem. In a companion paper, the authors
introduced a differential proximity condition which solves the smoothness equivalence problem. In
this paper, we review this condition, comment on a few of its unanticipated features, and as an
application, show that the single base-point log-exp scheme suffers from an intricate breakdown
of smoothness equivalence. We also show that the differential proximity condition is coordinate
independent, even when the linear scheme is not assumed to possess the relevant smoothness.
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1. Introduction

In recent years, manifold-valued data has become ubiquitous; the configuration spaces of robots
and space of anisotropic diffusion tensors are but two examples. Although manifolds, by definition,
can be locally parametrized by points in Euclidean space, such a local parametric representation
is insufficient when the topology of the underlying space is non-trivial (e.g. configuration space),
and even in the case of trivial topology (anisotropic diffusion) it is desirable to respect the natural
symmetry and metric structure of the underlying manifold. For these reasons, genuinely nonlinear,
differential geometric, approximation methods have come to play an important role.

Recently, several research groups [12, 11, 13, 14], [6, 5, 4, 8, 7], [17, 16, 18, 17, 21, 20, 3, 19] have
studied subdivision methods for manifold-valued data. Roughly speaking, a subdivision method
takes as input coarse scale data and recursively generates data at successively finer scales with
the hope that in the limit a function with desired regularity properties is obtained. Such algo-
rithms have attracted the interest of applied analysts not only because of their intrinsic beauty,
but also because of their connection with wavelet-like representations. In this context, various
approximation-theoretic questions come to mind, such as: How much regularity does the limit
function possess? At what rate does it approximate the underlying function from which the coarse
data originates?

A number of different subdivision schemes for manifold-valued data were introduced in the above
references: some exploit the exponential map, others a retraction map, and some the Karcher mean,
yet others are based on an embedding of the manifold into Euclidean space. But in all cases, the
subdivision method is modeled on an underlying linear subdivision scheme. It is therefore natural
to seek conditions under which the limit function of a manifold-valued subdivision method enjoys
the same limit properties as the limit function of underlying linear subdivision scheme. This is
called the smoothness equivalence problem. We and others [16, 12, 18, 17, 21, 6, 5, 4, 13, 3], have
introduced various proximity conditions that are sufficient for a manifold-valued scheme to have the
smoothness equivalence property. Although numerical evidence for the necessity of these proximity
conditions were given in [17, 21, 2], necessity has remained an open problem.

In a companion paper [2], we present a complete solution of the smoothness equivalence problem
in terms of a new proximity condition, which we call the differential proximity condition. Here, we
review this condition, comment on a few of its unanticipated features, and as an application, we
show why the single base-point log-exp scheme suffers from an intricate breakdown of smoothness
equivalence. We also prove that the differential proximity condition is coordinate independent.
The coordinate independence result established in Section 4 is stronger than what would follow
immediately from the main result in [2].

2. Smooth Compatibility and the Differential Proximity Condition

Let M be a differentiable manifold of dimension n. A map S : `(Z→M)→ `(Z→M) is called a
subdivision scheme on M if it is of the form

(2.1) (Sx)2i+σ = qσ(xi−mσ , · · · , xi−mσ+Lσ), σ = 0, 1, i ∈ Z,
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where Lσ,mσ ∈ Z, Lσ > 1, and qσ are continuous maps

(2.2) qσ : M × · · · ×M︸ ︷︷ ︸
Lσ + 1 copies

→M, σ = 0, 1,

defined in a neighborhood of the hyper-diagonal of M × · · · ×M and satisfying the condition

(2.3) qσ(x, . . . , x) = x .

The maps q0, q1 are usually referred to as the even and odd rules of the subdivision scheme S.
In general, qσ are only defined in a neighborhood of the hyper-diagonal, and therefore S is only
defined for locally sufficiently dense sequences. We call Lσ the locality factors and mσ the phase
factors of the subdivision scheme S. The above definition was used, for example, in [20] and [15].

We now impose additional conditions on S.

Definition 1. Let S be a subdivision scheme on M . Let Slin be a linear subdivision scheme with
the same phase and locality factors as S and let qlin,σ, σ = 0, 1, be the (linear) maps associated

with Slin, as in (2.1). We say that S is smoothly compatible1 with Slin if

(a) q0 and q1 are (C∞) smooth maps, and
(b) for any x ∈M , dqσ|(x,...,x) : TxM × · · · × TxM → TxM satisfies the condition

dqσ|(x,...,x)(X0, . . . , XLσ) = qlin,σ(X0, . . . , XLσ), σ = 0, 1.

Remark 2. The maps qlin,σ, σ = 0, 1, are the even and odd rules of Slin. The compatibility
condition in Definition 1 is satisfied by all the manifold-valued data subdivision schemes seen in
the literature [9, 16, 18, 17, 21, 12, 6, 5, 4, 13].

Assume that S satisfies the compatibility condition in Definition 1. Our differential proximity
condition is defined in terms of a finite-dimensional map Q. From Equations (2.1) and (2.2), it
follows that there is a unique integer K such that any K + 1 consecutive entries in any (dense
enough) sequence x determines exactly K + 1, and no more, consecutive entries in Sx. We may
call K + 1 the size of a minimal invariant neighborhood of S. For any linear Ck subdivision
scheme,

K ≥ k,
with equality attained by the Ck, degree k + 1, B-spline subdivision scheme (See Figure 1). It
follows that there is a map

(2.4) Q : U −→ U ⊂M × · · · ×M︸ ︷︷ ︸
K + 1 copies

,

for U a sufficiently small open neighborhood of the hyper-diagonal, such that if y = Sx, then

(2.5) Q([xi, . . . ,xi+K ]) = [y2i+s, . . . ,y2i+s+K ],

for all i. The integer s, called a shift factor, is a constant independent of i but dependent on the
phase factors of S. A basic property of S is that when the input sequence x is shifted by one entry,
then the subdivided sequence y is shifted by two entries. This property is also reflected in equation
(2.5).

1In [7, Definition 3.5], Grohs gives a similar compatibility condition.
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k = 1 = K k = 2 = K

Q(x0, x1) =

[
q1(x0, x1)
q0(x0, x1)

]
Q(x0, x1, x2) =

 q1(x0, x1)
q0(x0, x1, x2)
q1(x1, x2)


k = 3 = K

Q(x0, x1, x2, x3) =


q0(x0, x1, x2)
q1(x0, x1, x2)
q0(x1, x2, x3)
q1(x1, x2, x3)


Figure 1. If S is the symmetric Ck (degree k + 1) B-Spline subdivision scheme,
the corresponding map Q has a minimal invariant neighborhood of size K + 1 =
k + 1. The figure shows two subdivision steps starting from k + 1 entries of the
initial sequence. (Dots and intervals are used only because of the primal and dual
symmetries in the B-Spline subdivision schemes for odd and even k. The symmetry
properties, however, play no role here.)

The compatibility condition implies that

(2.6) dQ|(x,...,x) = Qlin, ∀ x ∈M,

where Qlin : TxM × · · · ×TxM → TxM × · · · ×TxM is the corresponding linear self-map defined by
the maps qlin,σ in the compatibility condition.

We shall define our new order k proximity condition based on the higher order behavior of the map
Q. At this point, we work in local coordinates on M . Let Q be the map Q(x0, x1, . . . , xK) expressed
in local coordinates around x0 ∈M , and define Ψ : Rn× · · · ×Rn(K + 1 copies)→ Rn× · · · ×Rn by

(2.7) Ψ := ∇ ◦Q ◦ Σ,

where∇,Σ = ∇−1 : Rn×· · ·×Rn → Rn×· · ·×Rn are the linear maps defined by the correspondence

(2.8) (x0, x1, . . . , xK)
∇
�
Σ

(δ0 = x0, δ1, . . . , δK)

where δk := k-th order difference of x0, x1, . . . , xk, so

(2.9) δk =
k∑
`=0

(−1)k−`
(
k

`

)
x`, and xk =

k∑
`=0

(
k

`

)
δ` .

Note that Ψ is only defined in a neighborhood of (x0, 0, . . . , 0). (Here, by abuse of notation, we
identify points in M with the corresponding points in Rn under the given coordinate chart.) We
write

Ψ = (Ψ0,Ψ1, . . . ,ΨK), Ψ` : Rn × · · · × Rn → Rn ,
when referring to the different components of Ψ.
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We remark that Equation (2.6), together with linearity of Σ and ∇, implies the identity

(2.10) dΨ|(x,0,...,0) = Ψlin := ∇ ◦Qlin ◦ Σ, ∀ x,
Definition 3. Let S be a subdivision scheme on M smoothly compatible with Slin. Let k ≥ 1. We
say that S and Slin satisfy an order k differential proximity condition if for any x0 ∈M ,

(2.11) DνΨ`|(x0,0,...,0) = 0, when |ν| ≥ 2, weight(ν) :=
∑

jνj ≤ `, ∀ ` = 1, . . . , k,

where DνΨ` denotes the derivative of Ψ` with respect to the multi-index ν = (ν1, . . . , νK).

Remark 4. In above, ν = (ν1, . . . , νK) does not have a 0-th component, so Dν does not differentiate
with respect to the 0-th argument. But since (2.11) has to hold for arbitrary x0, then under
the smooth compatibility assumption, condition (2.11) would be unaltered if we interpret ν as
(ν0, ν1, . . . , νK).

Remark 5. In fact, the above condition is equivalent to the following seemingly stronger condition:

(2.12) DνΨ`|(x0,0,...,0) = 0, when |ν| ≥ 2, weight(ν) ≤
{
`, 1 ≤ ` ≤ k
k, ` > k

.

The proof, however, is rather technical as it relies on a major algebraic structure found in the proof
of the sufficiency part of the following main result. See the sufficiency section of [2].

In Section 4 we need the following property of linear subdivision schemes:

Lemma 6. If Slin reproduces Πk (=the space of polynomials of degree not exceeding k), then Ψlin

has the block upper triangular form:

(2.13) Ψlin,`(δ0, δ1, . . . , δK) =

{
1
2`
δ` +

∑K
`′=`+1 U`,`′δ`′ , ` = 0, . . . , k∑K

`′=k+1 U`,`′δ`′ , ` = k + 1, . . . ,K
,

where U`,`′ are scalars dependent only on the mask of Slin. Moreover, if Slin is Ck smooth, the

spectral radius of the lower right block [U`,`′ ]`,`′=k+1,...,K is strictly smaller than 1/2k.

Remark 7. We may combine Lemma 6 with (2.11) to restate the differential proximity condition
as:

(2.14) DνΨ`|(x0,0,...,0) =


1
2`

id, |ν| = 1 and weight(ν) = `,

0,
|ν| = 1 and weight(ν) < `, or
|ν| ≥ 2 and weight(ν) ≤ `,

for ` = 1, . . . , k.

In [2], we establish the following:

Theorem 8. Let S be a subdivision scheme on a manifold smoothly compatible with a stable Ck

smooth linear scheme Slin. Then S is Ck smooth if and only if it satisfies the order k differential
proximity condition.

Unlike the compatibility condition, the differential proximity condition is expressed in local coordi-
nates. A natural question is whether the latter condition is invariant under change of coordinates.
For the original proximity conditions, the invariance question was answered in the affirmative in
[20]. Armed with Theorem 8, we know that the order k differential proximity condition, being
equivalent to the Ck smoothness of S, cannot be satisfied in one chart but not another, as the
notion of smoothness is coordinate independent. In summary, we have:
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Corollary 9. If S is smoothly compatible with a stable Ck linear subdivision scheme Slin, then the
order k differential proximity condition is invariant under change of coordinates.

3. What’s new?

The original proximity condition, used in our previous work, reads

‖∆j−1Sx−∆j−1Slinx‖∞ ≤ C Ωj(x), j = 1, . . . , k,(3.1)

where Ωj(x) :=
∑

γ∈Γj

∏j
i=1 ‖∆ix‖γi∞, Γj :=

{
γ = (γ1, · · · , γj)

∣∣∣ γi ∈ Z+,
∑j

i=1 i γi = j + 1
}

. It is

well-known that this condition is sufficient condition for the Ck-equivalence property ([17, Theorem
2.4].) Moreover, years of usage of this condition (3.1) and numerical evidence suggests that it is
also necessary.

This original proximity condition does not explicitly assume a compatibility condition between S
and Slin, making it difficult to formulate a precise necessary condition. In our new formulation, we
explicitly impose the smooth compatibility condition in Definition 1, which enables us to address
the problem of necessity.

Our new formulation also addresses a perplexing aspect of condition (3.1). A careful inspection of
the proof of [17, Theorem 2.4], shows that only the following proximity condition is needed2:

‖∆jSx−∆jSlinx‖∞ ≤ C Ωj(x), j = 1, . . . , k,(3.2)

provided that we have already established C0 regularity of S. We are thus faced with a dilemma:
Despite the strong empirical evidence for the necessity of the proximity condition (3.1), it appears
that it is unnecessarily strong!

A moment’s thought suggests that the new proximity condition (2.11) is merely a differential
version of the weaker condition (3.2). In fact, in all previous work a proximity condition is always
established by a local Taylor expansion of Sx− Slinx (recall that subdivision schemes act locally).
Consequently, the differential aspect of (2.11) is hardly anything new. But once the differential
proximity condition is written in the form (2.11) (or in the equivalent form (2.14)), we see a natural
interpretation: Viewing the map

Q : U → U

as a discrete dynamical system, the proximity conditions can be interpreted in terms of the rate of
approach of points in U to the hyper-diagonal, which is the fixed-point set of Q:

• Condition (2.14) then suggests that the linear term 2−`id is the dominant term, so, gener-
ically, the k-th order differences of the subdivision data within any invariant neighborhood
(Figure 1) decays like O(2−jk).

If k is the first order at which the differential proximity condition fails, then there is a
weight k term in the Taylor expansion of Ψk, such a nonlinear term is called a resonance
term in the dynamical system literature, and the dynamical system interpretation would
suggest that the k-th order differences of the subdivision data decays slower than O(2−jk).
More precisely, the presence of resonance slows down the decay to O(j2−jk).

2Use ‖∆x‖∞ ≤ 2‖x‖∞ to see that (3.1) implies (3.2).
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• This in turn suggests the necessity result. However, proving the lower bound result needed
and tackling the lack of stability condition in the nonlinear subdivision theory are technically
difficult. The former requires us to come up with a delicate argument to show that initial
data exists so that the effect of resonance terms would not dissipate away in the course of
iteration. The latter requires us to exploit a subtle super-convergence property.
• The same dynamical system interpretation suggests that our differential proximity condi-

tion may be too weak. For, unlike (3.1) or (3.2), it involves a fixed, although arbitrary,
invariant neighborhood, and therefore does not appear to capture the expanding nature of
a subdivision scheme.3 Worse, the sufficiency part of the theorem concerns establishing the
Ck-smoothness of the limiting function, and that would require one to analyze the decay
rate of order k + 1, not k, differences. If one examines Figure 1, one sees that a minimal
invariant neighborhood may very well be too small to allow for the computation of any k+1
order difference. Fortunately, an unexpected algebraic structure we discovered in [2] not
only makes the seemingly impossible mission of proving sufficiency possible, but also ex-
plains simultaneously why the apparent stronger-than-necessary proximity condition (3.1)
always holds true whenever Ck equivalence holds.

4. Coordinate Independence

Corollary 9 suggests that there is an intrinsic, coordinate-free, reformulation of the differential
proximity condition is waiting to be discovered. With this in mind, we establish here the following
coordinate independence result.

Theorem 10. If S is smoothly compatible with a Πk reproducing linear subdivision scheme Slin,
then the order k differential proximity condition is invariant under change of coordinates.

Notice that this result is stronger than Corollary 9, because a stable Ck linear subdivision scheme
must reproduce Πk, but the converse is far from being true.

Let χ(x) = x be the change of coordinate map onM , and letQ(x0, x1, . . . , xK) andQ(x0, x1, . . . , xK)
denote the expressions for map Q in these two coordinate systems. Writing

χvec(x0, x1, . . . , xK) := (χ(x0), χ(x1), . . . , χ(xK)),

shows that Q(x0, x1, . . . , xK) and Q(x0, x1, . . . , xK) are related by the formula

(4.1) Q = χvec ◦Q ◦ χ−1
vec.

The map Ψ, by the definition (2.7), then takes the following forms in the two coordinate systems:

Ψ(δ0, δ1, . . . , δK) = ∇ ◦Q ◦ Σ(δ0, δ1, . . . , δK),

Ψ(δ0, δ1, . . . , δK) = ∇ ◦Q ◦ Σ(δ0, δ1, . . . , δK).

It then follows that a change of coordinates induces the following transformation rule for Ψ:

Ψ = ∇ ◦Q ◦ Σ = ∇ ◦ χvec ◦Q ◦ χ−1
vec ◦ Σ = ∇ ◦ χvec ◦ Σ︸ ︷︷ ︸

=:Ξ

◦∇ ◦Q ◦ Σ︸ ︷︷ ︸
=Ψ

◦∇ ◦ χ−1
vec ◦ Σ︸ ︷︷ ︸

=Ξ−1

.
(4.2)

3For instance, it is well-known from the linear theory that the spectral property of Ψlin alone is insufficient for
characterizing the regularity property Slin.
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Proof. The proof proceeds in two steps:

Step 1. Notice the following structure of the Taylor expansion of Ξ`(δ0, δ1, . . . , δK) around a point
(δ0 = x0, 0, . . . , 0). Note also that Ξ0(δ0, δ1, . . . , δK) = χ(x0). For ` ≥ 1, compute as follows:

Ξ`(δ) =
∑̀
i=0

(−1)`−i
(
`
i

)
χ(xi)

=
∑̀
i=0

(−1)`−i
(
`
i

)χ(x0) + χ′(x0)(xi − x0) +
∑
k≥2

1

k!
χ(k)(x0)(xi − x0)k


= χ′(x0)

∑̀
i=0

(−1)`−i
(
`
i

)
xi +

∑̀
i=0

(−1)`−i
(
`
i

)∑
k≥2

1

k!
χ(k)(x0)(xi − x0)k

= χ′(x0)δ` +
∑̀
i=0

(−1)`−i
(
`
i

)∑
k≥2

1

k!
χ(k)(x0)

[ i∑
j=1

(
i
j

)
δj

]k
= χ′(x0)δ` +

∑
k≥2

1

k!

∑̀
i=0

(−1)`−i
(
`
i

) ∑
j1,...,jk≥1

(
i
j1

)
· · ·
(
i
jk

)
χ(k)(x0)(δj1 , . . . , δjk)

= χ′(x0)δ` +
∑
k≥2

1

k!

∑
j1,...,jk≥1

[∑̀
i=0

(−1)`−i
(
`
i

)(
i
j1

)
· · ·
(
i
jk

)]
χ(k)(x0)(δj1 , . . . , δjk),

where we have repeatedly used the multi-linearity of χ(k)(x0).

Notice that, for fixed j1, . . . , jk,
(
i
j1

)
· · ·
(
i
jk

)
is a polynomial in i of degree j1+· · ·+jk. Then, by (2.9),∑`

i=0(−1)`−i
(
`
i

)(
i
j1

)
· · ·
(
i
jk

)
is an `-th order difference of uniform samples of a degree j1 + · · · + jk

polynomial, which vanishes when j1 + · · ·+ jk < `.

Consequently, the `-th component of Ξ has no (linear or nonlinear) terms of weight less than `,
thus

DνΞ`|(x0,0,...,0) = 0, weight(ν) < ` .

The same conditions hold with Ξ replaced by Ξ−1—simply replace χ with χ−1 in the derivation
above.

We now know that the `-th component of both Ξ and Ξ−1 do not have terms of weight strictly
less than `, the proximity condition of Ψ says that its `-th component Ψ` does not have terms of
weight ` and lower. These facts alone only guarantee that Ψ` does not have terms of weight `− 1
and lower. (The second part of the proof explain this along the way.)

Step 2. To complete the proof we now show that all weight ` terms in Ψ` vanish. Assume that
Ψ satisfies the order k differential proximity condition. By Remark 7 and Step 1, we have for
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` = 2, . . . , k,

Ψ`(δ) = Ξ`(Ψ ◦ Ξ−1(δ))

=
∑

weight(ν)=`

1

ν!
DνΞ`|(x0,0,...,0)

(
Ψ1(Ξ−1(δ))ν1 , . . . ,Ψ`(Ξ

−1(δ))ν`
)

+ (weight > ` terms).(4.3)

For each i = 1, . . . , `, again by Remark 7 and Step 1,

Ψi(Ξ
−1(δ)) =

1

2i

∑
weight(η)=i

1

η!
DηΞ−1

i |(x0,0,...,0)δ
η

+ (weight > i terms).(4.4)

An inspection then reveals that the only weight ` terms in Ψ`(δ) are

∑
weight(ν)=`

1

ν!
DνΞ`

( 1

21

∑
weight(η)=1

1

η!
DηΞ−1

i δ
η
)ν1

, . . . ,
( 1

2`

∑
weight(η)=`

1

η!
DηΞ−1

i δ
η
)ν`

=
1

2`

∑
weight(ν)=`

1

ν!
DνΞ`

( ∑
weight(η)=1

1

η!
DηΞ−1

i δ
η
)ν1

, . . . ,
( ∑

weight(η)=`

1

η!
DηΞ−1

i δ
η
)ν` .(4.5)

By yet another inspection, we see that by virtue of the chain rule the weight ` terms in the
Taylor expansion of (Ξ ◦ Ξ−1)` are given by the summation after the 2−` factor in (4.5). But
Ξ ◦ Ξ−1 = identity, so any nonlinear term in its Taylor expansion must vanish. In other words, all
the nonlinear (i.e. degree > 1) terms in (4.5) vanish. This implies that the Taylor expansion of
Ψ`(δ) has the linear term 2−`δ` as its only weight ` term, and all other terms, linear or nonlinear,
are of weight strictly greater than `. In other words, Ψ satisfies the same differential proximity
condition as Ψ. �

It is worth stressing the role of the Πk reproduction property of Slin in the coordinate independence
proof above: it induces a kind of “upper-triangular” structure in Ψlin (Lemma 6) and enters the
proof in Step 2 above. In particular, the dyadic eigenvalues in Ψlin are the key to the derivation
of (4.5). Indeed, (4.5) implies that as far as the lowest weight terms (i.e. weight `) in the `-th
component are concerned, the map Ξ ◦Ψ ◦ Ξ−1 is the same as 2−`Ξ ◦ Ξ−1.

5. The log-exp scheme on Surfaces

As an application of Theorem 8, we show that the single base-point log-exp scheme introduced in
[9] does not satisfy the differential proximity condition. Consequently, thanks to Theorem 8, we
can conclude a breakdown of smoothness equivalence in the single base-point scheme.

The paper [3] studies the proximity condition for the single base-point schemes defined by general
retraction maps. Since [3] predates the development of Theorem 8, the results therein were derived
from the original proximity condition. As the discussion in Section 3 hinted, the breakdown results
based on the original proximity condition from [3] easily imply corresponding breakdown results
based on our differential proximity condition. Therefore, the anticipated breakdown of smoothness
equivalence in the more general setting once again follows from Theorem 8.
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As the computations in [3] are rather involved, we present here the special case of the single base-
point log-exp scheme based on the C5, symmetric B-spline, whose subdivision mask is

(5.1) (a−3, a−2, a−1, a0, a1, a2, a3, a4) =
1

64
(1, 7, 21, 35, 35, 21, 7, 1) ,

and in the simple case where M is a two-dimensional Riemannian manifold. In this case,

q0(x0, x1, x2, x3) = expx2
(
a4 logx2(x0) + a2 logx2(x1) + a−2 logx2(x3)

)
,(5.2a)

q1(x0, x1, x2, x3) = expx1
(
a3 logx1(x0) + a−1 logx1(x2) + a−3 logx1(x3)

)
,(5.2b)

(5.3) Q(x0, x1, x2, x3, x4, x5) =


q1(x0, x1, x2, x3)
q0(x0, x1, x2, x3)
q1(x1, x2, x3, x4)
q0(x1, x2, x3, x4)
q1(x2, x3, x4, x5)
q0(x2, x3, x4, x5)

 ,

and Ψ = (Ψ0,Ψ1,Ψ2,Ψ3,Ψ4,Ψ5) is defined according to (2.7).

k = 5 = K

Figure 2. Minimal invariant neighborhood of the C5 B-Spline subdivision scheme

Theorem 11. The nonlinear scheme S defined by (5.2) satisfies the C5-equivalence property if and
only if the manifold M has vanishing curvature.

One direction is clear, for suppose M has vanishing curvature, we may then choose local coordinates
about any point in M in which the Riemannian metric is the Euclidean metric. But in these
coordinates, S coincides with the (linear) C5 B-spline scheme.

Now assume that M has non-zero curvature at the point x0. Then by Theorems 8 and 10 it suffices
to choose coordinates centered at x0 in which the derivative

(5.4) DνΨ5|(x0,0,...,0) , for ν = (1, 2, 0, 0, 0)

does not vanish.

Notice that, although ν has weight 5, it has degree 3. Consequently, to compute this derivative,
we need only compute the Taylor expansion of Ψ5 up to order 3 and weight 5 in some coordinate
system.

The computations are vastly simplified if we perform them in Riemann normal coordinates centered
at x0. We merely summarize the results from Riemannian geometry we need. (A detailed treatment
of normal coordinates is given in Chapter 4 of [10] as well as in [1], particularly pages 41–42).)

Let x = (u, v) denote normal coordinates on R2 centered at the origin. Let (u, v, U, V ) denote
the corresponding coordinates on the tangent bundle TM , where (U, V ) are the components of
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the tangent vector based at (u, v). Riemann’s Theorem then states that in these coordinates the
coefficients of the Riemannian metric are given by(

g1,1 g1,2

g2,1 g2,2

)
=

(
1 0
0 1

)
− K0

3

(
v2 uv
uv u2

)
where K0 denotes the Gauss curvature at (0, 0). A standard computation using this formula and
the differential equations for geodesics yields the following Taylor expansion for the exponential
map about (0, 0, 0, 0) up to degree 3 in (u, v, U, V ):

exp(u,v)(U, V ) ≈ (u, v) + (U, V ) +
2

3
K0 det

(
U V
u v

)
· (V,−U) .

From this, one finds that up to degree 3 in (u0, v0, u, v), the Taylor expansion of log is given by

log(u0,v0)(u, v) ≈ (u, v)− (u0, v0)− 2

3
K0 det

(
u0 v0

u v

)
· (−(v − v0), (u− u0)) .

Setting δ` = (δ`,u, δ`,v), substituting the expansions for exp and log into the definition of qσ yields the
Taylor expansion of qσ up to degree 3. Substituting these Taylor expansions into Ψ5, and dropping
all terms in δ` of degree larger than 3 and weight larger than 5 yields (after a straightforward, but
lengthy computation) the formula

Ψ5(δ) ≈ 1

25
(δ5,u, δ5,v) +

7

16
K0

{
det

(
δ1,u δ1,v

δ2,u δ2,v

)
(−δ2,v, δ2,u) + det

(
δ1,u δ1,v

δ3,u δ3,v

)
(−δ1,v, δ1,u)

}
.

The weight 5 terms are non-zero exactly when K0 6= 0, so Theorem 11 is proved. This formally
disproves the smoothness equivalence conjecture first posted in [9].

While Theorem 11 says that non-vanishing curvature is the root cause of the C5-breakdown in
the nonlinear scheme defined by (5.1)-(5.2), one can show by a similar computation that the same
scheme satisfies C4-equivalence regardless of the curvature of M . In [21, 3], such a C4-equivalence
property was found to be attributable to both a special property of the exponential map and the
dual time-symmetry property of the scheme (5.1)-(5.2). More precisely,

• If one replaces the exponential map by an arbitrary retraction map, then the resulted scheme
will satisfy the C2-equivalence property but suffer a C3-breakdown on a general manifold.
• If one replaces the underlying linear scheme by a stable C4 linear subdivision scheme without

a dual time-symmetry, then the resulted scheme will satisfy a C3-equivalence property but
suffer a C4-breakdown on a general manifold.

To illustrate the latter point, we next consider the single base-point log-exp scheme based on the
C6 B-spline, whose subdivision mask is

(5.5) (a−4, a−3, a−2, a−1, a0, a1, a2, a3, a4) =
1

128
(1, 8, 28, 56, 70, 56, 28, 8, 1) .

In this case,

q0(x0, x1, x2, x3, x4) = expx2
(
a4 logx2(x0) + a2 logx2(x1) + a−2 logx2(x4) + a−4 logx2(x5)

)
,(5.6a)

q1(x0, x1, x2, x3) = expx1
(
a3 logx1(x0) + a−1 logx1(x2) + a−3 logx1(x3)

)
,(5.6b)
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(5.7) Q(x0, x1, x2, x3, x4, x5, x6) =



q1(x0, x1, x2, x3)
q0(x0, x1, x2, x3, x4)
q1(x1, x2, x3, x4)

q0(x1, x2, x3, x4, x5)
q1(x2, x3, x4, x5)

q0(x2, x3, x4, x5, x5)
q1(x3, x5, x6, x6)


,

and Ψ = (Ψ0,Ψ1,Ψ2,Ψ3,Ψ4,Ψ5,Ψ6) is defined according to (2.7).

k = 6 = K

Figure 3. Minimal invariant neighborhood of the C6 B-Spline subdivision scheme

Note that the underlying scheme in this case is even smoother than before (C6 instead of C5), and
it has a primal symmetry. However, the resulted nonlinear scheme, bsaed on the single base-point
strategy, fail to inherit such a primal symmetry.

Theorem 12. The nonlinear scheme S defined by (5.6) satisfies the C4-equivalence property if and
only if the manifold M has vanishing curvature.

One direction is clear, for suppose M has vanishing curvature, we may then choose local coordinates
about any point in M in which the Riemannian metric is the Euclidean metric. But in these
coordinates, S coincides with the (linear) C6 B-spline scheme.

Now assume that M has non-zero curvature at the point x0. Then by Theorems 8 and 10 it suffices
to choose coordinates centered at x0 in which the derivative

(5.8) DνΨ4|(x0,0,...,0) , for ν = (2, 1, 0, 0, 0)

does not vanish.

Notice that, although ν has weight 4, it has degree 3. Consequently, to compute this derivative, we
need only compute the Taylor expansion of Ψ4 up to order 3 and weight 4. We proceed as before,
we substitute the Taylor expansions for q0 and q1 into Ψ4, and drop all terms in δ` of degree larger
than 3 and weight larger than 4 to arrive at the expansion

Ψ4(δ) ≈ 1

24
(δ4,u, δ4,v) +

1

3
K0 det

(
δ1,u δ1,v

δ2,u δ2,v

)
(−δ1,v, δ1,u)

The weight 4 terms are non-zero exactly when K0 6= 0, so Theorem 12 is proved.

References

[1] R. L. Bishop. Riemannian manifolds. arXiv:1303.5390v2 [math.DG], 2013.
[2] T. Duchamp, G. Xie, and T. P.-Y. Yu. A new proximity condition for manifold-valued subdivision schemes.

Manuscript, 2013.
[3] T. Duchamp, G. Xie, and T. P.-Y. Yu. Single basepoint subdivision schemes for manifold-valued data: Time-

symmetry without space-symmetry. Foundations of Computational Mathematics, pages 1–36, 2013.



13

[4] P. Grohs. Smoothness equivalence properties of univariate subdivision schemes and their projection analogues.
Numer. Math., 113(2):163–180, 2009.

[5] P. Grohs. Smoothness of interpolatory multivariate subdivision in Lie groups. IMA Journal of Numerical Anal-
ysis, 29(3):760–772, 2009.

[6] P. Grohs. A general proximity analysis of nonlinear subdivision schemes. SIAM Journal on Mathematical Anal-
ysis, 42(2):729–750, 2010.

[7] P. Grohs. Stability of manifold-valued subdivision schemes and multiscale transformations. Constructive Approx-
imation, 32(3):569–596, 2010.

[8] P. Grohs. Finite elements of arbitrary order and quasiinterpolation for Riemannian data. SAM Report 56, ETH
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